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Abstract In this paper we study the effect of the magnetic field in string cosmology for a spatially 
homogenous and anisotropic Bianchi type -V space-time model. In order to study the effect of 
magnetic field, the standard form of the energy momentum tensor for cosmic strings is modified 
by including an additional term for magnetic field. The magnetic field is due to an electric cur- 
rent produced along the x-axis with infinite electrical conductivity. The field equations are solved 
for different string models such as geometric string (Nambu string), Takabayashi string (p-string) 
and Reddy string using string equation of state. We also find the solution for string models with 
uniform energy density. The physical and geometrical properties of each string model with and 
without magnetic field are discussed in detail. 
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1. Introduction 

The search for cosmological models that do not suffer from the problems inflicting the standard big 
bang model of cosmology has intensified since the advent of string theory. String theory is partic- 
ularly relevant to the initial singularity problem whose solution has long been thought to require 
a quantum theory of gravity, for which string theory seems to be the most promising candidate. 
It is generally believed that the very early universe underwent phase transitions, which gave rise 
to topological stable structures. Among the various topological defects that occurred during the 
phase transition and before the creation of particles in the early universe, strings have interesting 
cosmological consequences and have been studied in more details [1]. It is thought that cosmic 
strings cause density perturbations leading to the formation of galaxies [2] . These cosmic strings 
have stress-energy and couple with the gravitational field. The pioneering work in the formulation 
of the energy momentum tensor for the classical massive strings was done by Letelier [3], who 
considered the massive strings to be formed by geometric strings with particles attached along 
its extension. Stachel [4] developed a classical theory of the geometric strings. Letelier [5] first 
used this idea in obtaining some cosmological solutions of massive strings in Bianchi type-I and 
Kantowski - Sachs space-times. The gravitational effects of cosmic strings have been obtained by 
Vilenkin [6] , Gott [7] and Garfinkle [8] . As the gravitational is the only long range force binding the 
contents of the universe and Einstein's theory of gravitation is the sole theory for understanding 
the nature and evolution of the large scale structure of the universe, so it may be interesting to 
study the gravitational effects which arise from strings within the framework of Einstein gravity. 
In literature, homogeneous and anisotropic cosmological models have been widely studied in string 
cosmology in different contexts (Ref. [9-21]). 

On the other hand, the occurrence of magnetic field on galactic scale is well established fact 
today, and their importance for a variety of astrophysical phenomena is generally acknowledged. 
Several authors [22-28] have pointed out the importance of magnetic field in different context. The 
importance of the magnetic field for various astrophysical phenomenon has been studied in many 
papers. The string cosmological models with magnetic field have also been discussed by Banerjee 
et al. [9], Chakraborty [29], Tikekar and Patel [30, 31], Patel and Maharaj [32], Singh and Singh 
[33], Pradhan and Bali [34], and Bali [35]. Bali and Anjali [36] have investigated Bianchi Type-I 
magnetized string dust cosmological model. Bali et al. [37] have studied Bianchi-I massive string 
cosmological models with magnetic field. Wang [38], Pradhan et al.[39, 40], Pradhan [41, 42], 
Amirhashchi et al. [43], and Saha and Visinescu [44] have investigated the string cosmology with 
an incident magnetic field. Saha et al.[45] and Rikhvitsky et al. [46] have studied Bianchi-I string 
cosmological model in the presence of magnetic field and have examined the quantum effects in 
framework of loop quantum cosmology. Recently Singh [47] has generalized the work of Saha and 
Visinescu [44] to include the viscous term and has discussed the effect of viscous fluid with and 
without magnetic field in different string models for Bianchi I space -time. 

Bianchi V universes are the natural generalization of Friedmann -Robertson- Walker (FRW) 
models with negative curvature. Bianchi V cosmological model where the matter moves orthogo- 
nally to the hypersurface of homogeneity, has been studied by Heckmann and Schucking [48] . Roy 
and Singh [49] have investigated Bianchi V model with stiff matter and a source free electromagnetic 
field. Banerjee and Sanyal [50] have studied Bianchi V model with viscosity and heat flow. Coley 
[51] has investigated Bianchi V imperfect fluid cosmological models in general relativity. Bali and 
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Meena [52] have discussed Bianchi V titled model for stiff matter. Chakraborty and Chakraborty 
[53], Bali and Singh [53], and Bali [54] have studied Bianchi V models with magnetic field in string 
cosmology. Singh et al. [54-58], Singh and Beesham [59] and Singh [60] have studied Bainchi V 
space time in general relativity with different contexts. 

The purpose of this paper is to investigate a Bianchi type-V string cosmological model in the 
presence of magnetic field. The inclusion of the magnetic field is motivated by the observational 
cosmology and astrophysics indicating that many subsystems of the universe possess magnetic 
fields. We examine geometric string (Nambu string), Takabayashi string (p-string) and Reddy 
string models using the string equation of state. We also discuss the string models with uniform 
energy density. Exact analytic solutions are obtained in each case except for Takabayashi string 
model. The behavior of each model with and without magnetic field together with geometrical and 
physical aspects are discussed in detail. 

The paper is organized as follows: In Sect. 2 the general features of string theory and the corre- 
sponding field equations with the magnetic field are presented. A general soultion is given in Sect. 3. 
In Sect. 4 we present the exact solutions for different string models. A solution with uniform energy 
density is presented in Sect. 5. Finally, In Sect. 6 we summarize our results. 

2. Model and Basic Equations 

We consider the homogenous and anisotropic Bianchi type -V spacetime whose metric is given by 

ds 2 = -dt 2 + R 2 dx 2 + R 2 e~ 2x dy 2 + R 2 3 e- 2x dz 2 , (1) 

where R\ , R2 , and R3 are the functions of cosmic time t only and are the scale factors in anisotropic 
background. 

The energy momentum tensor for a cloud string with a magnetic field is taken into the form 
(Bali, [54]) 

7'/ P'i,u J X-r,-r J I /•:/• (2) 

where p is the rest energy density for a cloud of strings with massive particles attached to them 
and is related to the strings tension density A by the relation (Letelier, [3]) 

p = p p + A. (3) 

Here p p is the rest energy density of the particles attached to the strings. The energy conditions 
[9] (Strong, weak and dominant) demand p > 0, p p > 0, while A is unrestricted; it may be positive, 
negative or zero as well. Also Uj is the four velocity for the cloud of particles and x % is the four 
vector representing the string's direction, i.e., the direction of anisotropy and we have 

UiU 1 = -XiX 1 = -1, UiX 1 = and x 1 = (i?f\ 0, 0, 0) . (4) 

In Eq. (2), Eij is the electromagnetic field given by (Linchnerowicz [61]) 

E/=p 



\h\' 2 [ Ui u j + -g. 



tub? 



(5) 
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where fi is the magnetic permeability, and hi the magnetic flux vector defined by 

hi = ^ e ljkl F kl u\ (6) 

In the above F^i is the electro-magnetic field tensor and e^/ is the totally anti-symmetric Levi- 
Civita tensor density with eoi23 = 1- Let us assume the coordinates to be comoving, so that 
u 1 = = u 2 = u 3 and u 4 = 1. The incidental magnetic field is taken along x-axis, so that h\ ^ 0, 
/i2 = = /13 = /14. This leads to F\2 = = F13 by virtue of (6). Also, F14 = = F24 = F34 
due to the assumption of the infinite conductivity of the field (Maartens [62]). Hence the only non 
vanishing components of Fij is F23. Therefore, the first set of Maxwell's equations 

Fij-k + Fjk-i + F ki .j = 0. (7) 

leads to 

^23 = constant = I (say). (8) 
In Eq. (7) the semicolon stands for covariant differentiation. From (6), we get 

/ii?2^3 ^ ^ 

Since 

\h\ 2 = hih l = h 1 h 1 = g 11 (h 1 ) 2 , 

Therefore, 

|"' 2 - wm ■ m 



Finally, one finds the following non-trivial components for E, 



I 2 

E °° = '^rJr 2 = E±1 = ~ E% = ~ E% 

and for the components of the string's energy momentum tensor, we have 

T° = -p, T\ = -A, T\ = T 3 3 = = T), (i + j) (12) 
The Einstein's field equations (in gravitational units 8ttG/c a = 1) read as 

Bj-\Rgi = -T>. (13) 

The field equation (13) with (2) for line element (1) subsequently lead to the following system of 
equations 

R\Ri R2R3 . R3R1 3 I 2 

+ -5-5--172 = />+ o r , P 2 P 2 ' ( 14 ) 



R1R2 R2R3 R3R1 R 2 ZfiRjRj 

R\ i?3 i?ii?3 1 I 2 

Rl + R 3 ~ + R1R3 ~R%~ ~2fiR 2 Rj 



+ — + 7r^r-7^ = - r,p2 P 2 ' ( 15 ) 
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Ri R2 R1R2 ! 

i?l i?2 R1R2 



Ri 



2/ii? 2 2 i? 3 2 ' 
I 2 



R2 _j_ ^3 _|_ ^2^3 1 

Ri R3 R2R3 



Ri 



A + 



2o2' 



2{iR 2 



2— — — — — 



0, 



(16) 
(17) 
(18) 



Rl i?2 ^3 

where a dot denotes ordinary derivative with respect to cosmic time t. 

We define the various physical parameters such as the mean Hubble parameter H, anisotropy 
parameter A and shear scalar a as 



H = -(H 1 + H 2 + H 3 ) 



1 3 



i=i 



Hj-H 
H 



l/i2 / R\R2 R2R3 , R3R1 



+ 



\ RlR2 R2R3 R3R1 



(19) 
(20) 
(21) 



where H\ = H2 = and H3 = ^| are the directional Hubble parameters in directions 
of x, y and z axes, respectively and the scalar expansion is defined by 9 = 3H. Also, <7jj = 
+ | (u i; kU k Uj + u j;k u k Ui) + ±0 (gjj + Ujuj). 

3. Solution of the field equations 

We follow the method used by Saha and Visineseu [44] to solve the field equations (14)- (18). 
From (15) and (16), we get 



_ R2 



- Rs 



d I i?3 R2 

dt\R^~R^ 



+ 



R3 _ R2 
R3 R2 



Ri R2 R2 
Ri R2 R2 



0. 



Let us define a new time-dependent function r(t) as 

r = R1R2R3 = V~9 , 



(22) 



(23) 



which is indeed the volume scale factor of the Bianchi V space-time. Using (23) into (22) and 
simplifies, we get 

R 3 = d^exp ki / — , (24) 



where d± and k\ are constants of integration. Eq.(18) gives 



R t — ^2-^2^3) 



(25) 
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where k<i is a constants of integration without loss of generality we can take unity. Now from Eqs 
(14)-(17) and (25), we get 

6 



f _ 1 
t ~ 2 



o2 r2 

(3p + A) + ^i- 



+ 



-2/3 ' 



(26) 



On the other, the energy conservation law T\ ■ = gives 



T ill , 

r iti 



From (23) - (25), we find the following forms of metric functions in terms of r (Ref. [55]) 



«2 



i*3 



i?l = T3 
1 1 

rs exp 



\fd[ rs exp 
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ki r dt 
~2 J 7 



(27) 

(28) 
(29) 

(30) 



It is to be noted that if the integration constant k\ is taken to be zero, then anisotropic character 
of the model is lost and it reduces to a FRW model. Using (28)- (30), Eqs. (26) and (27) take the 
form 

T = -(3/9 + A)t + - r"^ +6r3, (31) 



o. 



(32) 



where k = 

To find the value of r in terms of t, let us consider the equation of state for a cloud of string 
models [6] 

p = aX, (33) 

where the constant a is defined by 

a = 1 (geometric or Nambu string), 

= (1 + uj) (p — string or Takabayasi string), 
= —1 (Reddy string), 



(34) 



where w is a constant such that oj > 0. Using (33) into (32), we get 



P 
P 



1 — 3a\ f 
3a ) t'' 



(35) 



which is integrated to give the solution 



J__i 

P= PoT 3 a , 



(36) 
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where po is a positive constant of integration. 
Now, Eq. (31) takes the form 



1 /3a + 1 \ i k i i 



whose first integral is given by 



which may be rewritten as 



. 2 « 3a+l 3 , 2 „ 4 



3p T 3« + -fc T 3 +9r3 +c , (38) 



3a+l 3,24 , . 

3/9or~ + -fcrs + 9r 3 + c , (39) 

where Co is a constant of integration. It is to be mentioned that r is non-negative due to the 
expansion of the universe. At the points where r = 0, there occurs space-time singularity. On 
the other hand, the radical in (39) should be positive. Taking into account the energy density and 
string tension density obeying equation of state (33), we conclude that p and A, and hence the right 
hand side of Eq. (31) is a function of r only, i.e., 

f = F(t). (40) 

From the mechanical point of view, Eq. (40) can be interpreted as equation of motion of a single 
particle with unit mass under the force F(t). Then the following first integral exists 



f = y/2[e-u(r)], (41) 

where e can be viewed as energy level and n(r) is the potential of the force F. Comparing Eqs. 
(39) and (41), we find e = c /2 and 



3c + l 3,2 4 

3p r 3« + -kr'i + 9r3 



(42) 



Finally, we write the solution to Eq. (39) in a general quadrature form as 

dr 



I 



3a+l o 2 4 
3pQT 3a + |fcT3 + 9T3 + Cq 



t + to, (43) 



where the integration constant to can be taken to be zero. 

It is too difficult to integrate (43) to find the exact value of r in terms of t. Therefore, we look 
the solutions for different string models viz. geometrical, Takabayashi and Reddy strings using 
string equation of state (34) and the solution with uniform energy density in Sections 4 and 5. 

4. Solution with equation of state 



Let us solve the system of equations for the following string models to discuss the nature of 
solutions with and without magnetic field. 
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4.1 Geometric string model(a = 1) 



For a = 1 and cq = 0, Eq. (43) reduces to 



dr 



3(p + 3)r 3 + I&T3 



which on integration it gives 



where ci 
At t 



and C2 



T = (Cl^ 
/ 2 



3/2 



2(p +3) 2/l(p +3) ■ 

0, r becomes imaginary. For reality of the model, t must satisfy t > 
(28)-(30) and (45), we get the following form of the scale factors in terms of t. 



3k 



2(po+3) 



C2, 



c 2 exp 



kit 



R3 = VdiV c\t 2 — C2 exp 



C2 



2c 2 \/cii 2 — c 2 



(44) 

(45) 
From 

(46) 
(47) 

(48) 



We observe that R± and R3 tend to zero but R2 becomes indeterminate at c\t 2 — c 2 = 0. It is to 
be noted here that c 2 is the term which contains the magnetic field. Figure 1. shows that R\ and 
i?3 always increase with time whereas i? 2 decreases first then gradually increases with time in the 
presence of magnetic field. As t -> 00, R\ and R2 tend to infinity whereas R3 tends to zero. In 

I = 1, ft = 1.00001, d\ = 10 4 , ci = 2 and k\ = 1. In the absence 
= /, we find that R\ varies linearly where as i? 2 and i?3 become 







fig. 1 we have assumed po 
of magnetic field, i.e., c 2 : 
indeterminate forms. 

The directional Hubble parameters along x, y and z axes are respectively given by 



3 - 




0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 
Fig. 1 Evolution of the universe in the presence of magnetic field 



(49) 
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H2 = ^ s, (50) 

cit 2 -c 2 2( Cl t 2 -c 2 )2 

#3 = —3 1 3"- (51) 

cit 2 -c 2 2(cit 2 -c 2 )l 

The average Hubble parameter in terms of cosmic time t is 

H = (52) 
cit 2 - c 2 

The anisotropic parameter and shear scalar, respectively have the following expressions 

k 2 

A = 6?#^)' (53) 

a 2 = - -M (54) 
4(cit 2 - c 2 ) 3 

The deceleration parameter is given by 

«=^- < 55 > 

One can observe that as i — > 00, q — > 0, which shows the marginal inflation (Coasting cosmology) 
in late time evolution of the universe. The anisotropy parameter and shear scalar also tend to zero 
as t — > 00. The expression for the ratio | gives 

h (56) 



6ciVM 2 -c 2 )' 

We find that as t — > 00, (56) tends to zero, which shows that the model tends to be isotropic for 
large t. The energy density and string tension density are respectively calculated as 

p = \ = Po ( Cl t 2 -C2)- 1 . (57) 

We observe that p and A are decreasing function of time. As t increases, both the parameters 
gradually decrease and approach to zero as t — > 00. Thus, the string tension density disappears in 
late times. In this case the particle density, p p is zero. The potential in terms of t is written as 

= ~\ H c ^ 2 ~ C2 ) + 2 ( 3 + Po)(cit 2 - c 2 ) 2 ] . (58) 

Figure 2. illustrates the potential graph with and without magnetic field for po = 3, c\ = 2 and 
p = 1.00001. One may observe that the potential starts from zero and goes to positive for some 
finite time of interval and then becomes negative in the presence of magnetic field whereas it starts 
from zero and remains negative through out the evolution in the absence of magnetic field. 



u(t) 
0.1 r 




Fig. 2 Potential versus time in presence (bold line) and in absence (dashed line) magnetic field. 



4.2. Reddy string model (a = — 1) 

For a = — 1 and cq = 0, Eq. (43) reduces to 



/ 



dr 



The integral of (59) gives 



9rt + 3 (po + |) ri 



r = ( t 2_ c) 3/2 ; 



where c = k+2p0 , At i = 0, r becomes imaginary. For realty of the model, t must satisfy i > 
From (28)- (30) and (60), we get 



R x = Vt 2 - c, 



#2 



c exp 



k-it 



2cVt 2 



R3 = y/diV t 2 — c exp 
The directional Hubble parameters are given by 

Hi 



kit 



2cVT 2 



t 



Ho 



Ha 



t 2 -c' 
t ki 



t 2 -c 2(t 2 -c)i 



+ 



Am 



" t2 ~ c 2(t 2 - c 
where as the average Hubble parameter has the form 



5 ' 
2 



11 




Fig. 3 Evolution of the universe in presence (bold lines) and in absence (dashed lines)of magnetic field. 



The anisotropic parameter, shear scalar and deceleration parameter have the following expressions, 
respectively. 



h 2 



4(t 2 -c) 3 ' 



(69) 



The expression for the ratio § gives 



a 



= (70) 



(71) 



6V(* 2 " c) 



The energy density, string tension density and particle density have the following expressions, 
respectively. 

p = Po (t 2 -c)- 2 , (72) 

A = - Po (t 2 -c)'\ (73) 

p p = 2p (t 2 - c)" 2 . (74) 

The potential in terms of t is given by 

u(t) = ~ [k(t 2 - c) + 6(t 2 - cf + 2p (t 2 - c)" 1 ] . (75) 

We observe from figure 3 that the scale factors have the same behaviors in the presence of mag- 
netic field as illustrated in fig.l. In the absence of magnetic field as shown by dashed lines in fig. 3, 
the scale factors start expanding with different time of evolution. We have used po = 3, I = 1, 
p = 1.00001 and d\ = 100 in fig. 3. The other physical parameters such as deceleration parame- 
ter, anisotropy parameter, shear scalar also have the similar behaviors as discussed in section 4.1. 
For large t, all these parameters tend to zero. Therefore, the model approaches isotropic in later 
stage of the evolution of the universe. The energy density and particle density remain positive 



12 




Fig. 4 Energy density, string tension density and particle density versus time in presence (bold lines) and in 

absence (dashed lines) of magnetic field. 




Fig. 5 Potential versus time in presence (bold line) and in absence (dashed line) magnetic field. 



and decrease with time, and tend to zero for large t. The string tension density A is negative and 
gradually increases with time, and finally it approaches to zero as t — > oo. It is also observed that 
p p > |A|, i.e., the particle density remains larger than the string tension density during the cosmic 
expansion, especially in the early universe. The behaviors of these three parameters and potential 
with and without magnetic field are shown in figures 4 and 5, respectively with pq = 3, I = 1 or 
and p = 1.00001. The potential shows both positive and negative characters with and without 
magnetic field in this string model. 

4.3 Takabayashi string model (a = 1 + to) 

For a = 1 + oj and cq = 0, Eq. (43) reduces to 



dr 



4+sui 2 4 



t, 



(76) 



One can observe that it is too difficult to find the general solution of r in terms of t. Therefore, we 
express the energy density, string tension density, particle density and potential in terms of r as 

p = p QT 3(i+-) ; (77) 



On 2 + 3 " 

r ; ( w > 0) 



(1+w) 
Pv 



Ijj 2+3- 
Pq T 3(1+-) 



1 + w 



U T 



p oT 3(l+-) _|_ _^ T 3 + 9 T 3 
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(78) 
(79) 
(80) 



We observe that the physical parameters p, A and p p are decreasing functions of time and tend 




Fig. 6 Potential versus time in presence (bold line) and in absence (dashed line) magnetic field. 



to zero as t — > oo. Fig. 6 shows the potential corresponding to Takabayashi string model with and 
without magnetic field for u = 1, po = 3, and p = 1.00001. It is always negative through out 
the evolution of the universe with and without magnetic field and decreases fast in the presence of 
magnetic field. 

5. Solution with uniform energy density 

Now we consider the rest energy density of the cloud of strings is uniform (i.e., p = p±). From (32), 
we have r = ro=constant. Eq.(31) gives 



A = -(3pi + A:r " 4/3 + 12r z/ °) 



-2/3x 



Using the relation (4), we get 
The scale factors have the following expressions 



Pp = 4pi + kr 4/3 + 12r 2/3 . 



1/3 



Ri = T Q 

1 1/3 

V ex P 



d\ Tq exp 



2r 

~h 
2r " 



-t 



t 



(81) 
(82) 

(83) 
(84) 

(85) 
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We observe that the model is non-singular with the uniform density as i?i is constant through out 
the evolution. The other two metric coefficients R2 and R3 are in exponential form. R2 decreases 
to zero and R3 exponentially grows with time. As A is negative, therefore, the geometric string 
and Takabayashi string models are not possible due to negativity of the string tension density. 
The solution describes Reddy string model. During evolution of the universe the energy is getting 
transfer from string tension to particle density and their sum is always equal to pi and p p > 0. 

6. Conclusion 

We have studied the anisotropic Bianchi type -V string cosmological model in the presence of 
magnetic field. The field equations have been solved exactly for the geometrical and Reddy string 
models. In both models we have found that the physical parameters have the same type of behav- 
iors such as the scale factors along x and z axes increase with time but the scale factor along y 
axis decreases first and then increases with time, the energy density, particle density, anisotropy 
parameter and shear scalar all are decreasing functions of time and tend to zero as t — > 00. In geo- 
metrical string model the string tension density decreases with time whereas it gradually increases 
with time and tends to zero for large t in Reddy string model as it is negative. It is also negative in 
the model with uniform energy density. All the string models tend to isotropic for large t. We have 
illustrated the scale factors, energy density, particle density, string tension density and potential 
with time for these models with and without magnetic field in figures 1-5. 

In case of Takabayashi string model we observe that it is very difficult to find the solution due 
to complicated quadrature form of r. Therefore, we have shown the potential versus r graphically 
for this model the presence of magnetic field in fig.6. The reason to illustrate figures with and 
without magnetic field is to show the role of magnetic field in different string models. We have also 
discussed the string models with uniform energy density and have found a non-singular solution. In 
this model the geometric string and Takabayashi string models are not possible due to negativity 
of the string tension density. 
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